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Abstract 

We study the holomorphic unitary representations of the Jacobi group 
based on Siegel-Jacobi domains. Explicit polynomial orthonormal bases of 
the Fock spaces based on the Siegel-Jacobi disk are obtained. The scalar 
holomorphic discrete series of the Jacobi group for the Siegel-Jacobi disk 
is constructed and polynomial orthonormal bases of the representation 
spaces are given. 
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1 Introduction 

The Jacobi groups are semidircct products of appropriate semisimple real alge- 
braic group of Hermitian type with Heisenberg groups [27] , |13] . The semisimple 
groups are associated to Hermitian symmetric domains that are mapped into 
a Siegel upper half space by equivariant holomorphic maps |23j . The Jacobi 
groups are unimodular, nonreductive, algebraic groups of Harish- Chandra type. 
The Siegel-Jacobi domains are nonreductive symmetric domains associated to 
the Jacobi groups by the generalized Harish-Chandra embedding [23], [13], [25] 

H3- 

The holomorphic irreducible unitary representations of the Jacobi groups 
based on Siegel-Jacobi domains have been constructed by Berndt, Bocherer, 
Schmidt, and Takase [5], [5J, [2S]-[27] with relevant topics: Jacobi forms, auto- 
morphic forms, spherical functions, theta functions, Hecke operators, and Kuga 
fiber varieties. 

Some coherent state systems based on Siegel-Jacobi domains have been in- 
vestigated in the framework of quantum mechanics, geometric quantization, 
dequantization, quantum optics, nuclear structure, and signal processing [12] . 
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This paper is organized as follows. In Section [5] we present explicit formulas 
for the canonical automorphy factors and kernel functions of the Jacobi groups 
and corresponding Siegel- Jacobi domains. In Section [3] we introduce a Fock 
space of holomorphic functions on the Siegel- Jacobi disk. We obtain explicit 
polynomial orthonormal bases for this space and the Fock spaces with inner 
products associated to points on the Siegel disk (Proposition 13.11 and Proposi- 
tion [372j) . In Section [4] we construct the scalar holomorphic discrete series of 
the Jacobi group for the Siegel- Jacobi disk fProposition l4.ip . We give polyno- 
mial orthonormal bases of the representation spaces (Proposition 14.21) . Finally, 
we discuss the link between the coherent state systems based on Siegel- Jacobi 
domains and the explicit kernel functions of representation spaces for Jacobi 
groups. 

Notation. We denote by R, C, Z, and N the field of real numbers, the field 
of complex numbers, the ring of integers, and the set of non- negative integers, 
respectively. M mn (¥) ~ ¥ mn denotes the set of all m x n matrices with entries 
in the field F. M ln (¥) is identified with F". Set M n (F) = M„ n (F). For any 
A £ M mn (F), l A denotes the transpose matrix of A. For A £ M mn (C), A 
denotes the conjugate matrix of A and A^ = t A. For A £ M„(C), the inequality 
A > means that A is positive definite. The identity matrix of degree n is 
denoted by /„. Let 0(D 7 W) denote the space of all W- valued holomorphic 
functions on the connected complex manifold 33 equipped with the topology of 
uniform convergence on compact sets. Here W is a finite dimensional Hilbert 
space. Set 0(33) =0(D,W) for dimW^ = 1. In this paper we will use the words 
" unitary representation on a Hilbert space" to mean a continuous unitary 
representation on a complex separable Hilbert space. 

2 Canonical automorphy factor and kernel 
function for Jacobi groups 

We begin with the definition of the Jacobi group given in [9] , [27] , [13] . Let fj n 
be the Siegel upper half space of degree n consisting of all symmetric matrices 
O £ M„(C) with ImO > 0. Let Sp(n,R) be the symplectic group of degree n 
consisting of all matrices a £ Af2n(R) such that t aJ n u — J n , where 




and a, b, c, d g M„(R). The group Sp(n,R) acts transitively on fj„ by aVL — 
(aO + b){cVL + d)~ l , where a € Sp(n,R) and 51 € 

Let G s be a Zariski connected semisimple real algebraic group of Hermitian 
type. Let T) =G S / K s be the associated Hermitian symmetric domain, where K s 
is a maximal compact subgroup of G. Suppose there exist a homomorphism p : 
G s — > Sp(n,R) and a holomorphic map r : D — > Sj n such that r(gz) — p(g)r(z) 
for all g € G s and z £ T). The Jacobi group G J is the semidirect product of G s 
and the Heisenberg group H[V] associated with the symplectic R-space V and 
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the nondegenerate alternating bilinear form D : V X V — > A, where A is the 
center of ii[V]. The multiplication operation of G J « G s x V x A is defined by 

gg' = (aa', p{a)v' +v,k + k' + -D(v, p(a)v'), (2.2) 

where g = (a, v, x) G G J ', g' = (er', v', x') £ G J . 

The Jacobi-Siegel domain associated to the Jacobi group G J is defined by 
D J = DxC N ^G J /(K s x A), where dim V = 2N. 

Let wo be a fixed element of J) and let I T (w ) be the complex structure on 
V corresponding to r(w ) G Let Vc = V+ ® V_ be the complexification of 
V, where V± consists of all v G Vc such that I T ( Wo )V — ±iv. Then »£S and 
v G Vfc determine the element v w = v+ — t(w)v- of V+, where u = u + + u_, 
v± G V±. 

G J is an algebraic group of Harish-Chandra type [27], [13], [23]. We recall 
the definition of Harish-Chandra type groups 23^. 

Let G be a Zariski connected R-group with Lie algebra g and let Gc be the 
complexification of G. Suppose there are given a Zariski connected R-subgroup 
K of G with Lie algebra t and connected unipotent C -subgroups P± of Gc with 
Lie algebras p±. The group G is called of Harish-Chandra type if the following 
conditions are satisfied: 

(HC 1) gc = p + + £c +P- is a direct sum of vector spaces, [tc)P±] C p±, and 
p - j7 = p_; (HC 2) the map P + x Kc X P_ — > Gc gives a holomorphic injection 
of P + x K c x P_ onto its open image P + K C P_; (HC 3) G C P+K C P„ and 
G n KcP- = if. 

If 5 G P+K C P- C G c , we denote by (g)+ G P+, (,g)o G K c , (g)- G P_ the 
components of 3 such that g = (g)+ (g)o(g)—. 

The identity connected component of a linear algebraic group H is denoted 
in the usual topology by H. The generalized Harish-Chandra embedding of the 
homogeneous space V = G/K into p+ is defined by gK 1 — ► z, where g e G, 
z G p+ and exp z = (,g)+. Then the G-invariant complex structure of T> is 
determined by the natural inclusion T> <-} P + C Gc/(KcP-)- Let (Gc x p + )' 
be the set of elements (g,z) G Gc x p + such that gexpz G P+K^P- and let 
(p + xp + ) be the set of elements (z 1; z 2 ) G p+ x p + such that (exp z 2 )~ 1 exp Z\ £ 
P+K C P-. 

The canonical automorphy factor J : (Gc X p+)' — > Kc and the canonical 
kernel function K : (p + x p + ) — > A'c for G arc defined by 

■i(p>*) = (9exp2) , if = (((exp^^expz'Jo) -1 , (2.3) 

where (g,z) G (G c x p + )' and (z',z) G (p+ x p + )'. 

According to [27], [T^ (Corollary 4.5, Proposition 4.7, and equation (6.1)), 
we obtain 

Theorem 2.1 a) The Jacobi group G J acts transitively on D J by 

gx = (aw,v aw + t {cT(w)+d)- 1 z) 1 p{a) = ( ° J ), (2.4) 
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where g = (a, v, x) € G J and x = (w,z) £ D J . 

b) The canonical automorphy factor J for the Jacobi group G J is given by 

J(g,x) = (J 1 (a,w),0,J 2 (g,x)), (2.5) 

where g = (a, v, x) € G J , x = (w,z) € Ji is the canonical automorphy 

factor for G s , and 

J 2 (g 7 x) = x+ ^D(v,v aw ) + -D(2v + p{a)z, J 1 (a,w)z). (2.6) 

c) The canonical kernel function K for the Jacobi group G J is given by 

K(x,x') = {Ki(w,v/),0,K 2 (x,a/)), (2.7) 

where x — (w,z) £ T) J , x' = (w',z ! ) £ T> J , K\ is the canonical kernel function 
for G s , and 

K 2 (x,x') = D(2z'+-T(w')z,qz) + ^D(z',qT(w)z') ) q = p{K 1 {w : w')y 1 . (2.8) 

The Heisenberg group H„(R) consists of all elements (A, (j., k), where A, /i £ 
Mi„(R), kg! with the multiplication law 

(A, /i, k) o (A', //, k!) = (A + A',/j + k + k'+ A V — /i'A'). (2.9) 

Let G J n — Sp(n,R) ix H„(R) be the semidirect product of the symplectic group 
Sp(n,R) and the Heisenberg group H„(R) endowed with the following multipli- 
cation law: 

(a, (A, p, k)) ■ (a', (A', n', «')) = {<*<*>, (Ad', (u/, k) o (A', //, k% (2.10) 

where (A, /i, k), (A', //', k') £ H n (R) and a, a' £ Sp(n,R). The Jacobi group 
G 3 n of degree n acts transitively on the Jacobi-Siegel space Sj^ = f)„ x C n by 
g(Q, C) = (fl fl ,Cfl), wh ere (0,C) € An, 5 = ( A > Mi K )) G G;{, cr is given by 
l[2~l"]) . and [29] 

Sl 3 = (ofi + 6)(cfi + d) _1 , C 5 = K cfi + i/ = C + AO + /j. (2.11) 

According with Theorem 12.11 and [35] , we have 

Proposition 2.1 TTie canonical automorphy factor J± and the canonical kernel 
function K\ for Sp(n, R) are given &y 

^•"'"((ffV- "»"')■ <2 - 13) 

where f2, il' £ fj„ and tr 6 Sp(n,R) is given by (|2.1[) . 
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The canonical automorphy factor 9 — J2{g, (0, £)) for G J n is given by 

9 = k+ A X + v 'A- ^(cO + d)"^*!/, ^ = C + Af7 + /z, (2.14) 

where g = (er, (A, /i, k)) € G;{, tr is given &y (|2.1[) , and (O, £) <G 55^. 
XTie canonical automorphy kernel K<z for is given by 

k 2 (((', n>), (c, a)) = -i(C - - ft'rYC - f C), (2.15) 

where (n,0,(M,t')eSji. 

Let 2),t fee the Siegel disk of degree n consisting of all symmetric matrices 
W € M n (C) with /„ - WW > 0. Let Sp(n,R)» be the multiplicative group of 
all matrices u> £ M2 n (C) such that 

U = (J Q }j, l pp~ l qq = I n , l pq = *qp, p,q£ M n (C). (2.16) 

Remark that Sp(n,R)* = Sp(n, C) n XJ(n,n) for n > 1. Sp(n,R)„» acts tran- 
sitively on D„ by cjP^ = (pW^ + q)(qW + p)~ l , where w £ Sp(n,R)* and 
W £ 3 n . Let K ntf = U(n) be the maximal compact subgroup of Sp(n,R)* 

consisting of all lu £ Sp(n,R)* given by p. 161 ) with p £ U(n) and q = 0. Then 
£„=Sp(ri,R)*/U(n). 

Let G J m be the Jacobi group consisting of all elements (lu, (a, x)), where lu £ 
Sp(n,R)», a £ C", k £ iR, and endowed with the multiplication law 

(a;', (a, x'))(w, (a, x)) = (a/u, x + x' + j9*a - /3*a) , (2.17) 

where (w, (a, x)), (a;', (a', x 7 )) G /3 = a'p + a'q, and lu is given by (|2 . 1G|) . 

The Heisenberg group H„(R)» consists of all elements (I n ,(a, x)) £ G^„, 
where lu £ Sp(n,R)„», a £ C™, x £ iR. The center _A„=R of H n (R)* consists 
of all elements (I n , (0, x)) £ G^„ with x £ iR. According to [30], there exists 
an isomorphism 9 : G J n — > G 3 n1f given by 0(g) = g*, g = (<r, (A, /i, k)) £ G J n , 
g* = (w,(a,x)) £ G J n „, 

(2.18) 

















p+y 



p ± = ±(a±d)±±(b T c), a=i(A + i/i), * = -i~- (2.19) 

Let 33^ = £>„ x C n =G^„,/(U(n) x R) be ffte Siegel-Jacobi disk of degree n. 
G 3 W acts transitively on by g*(W, z) = {W 9t , z g J, where = (w, (a, x)) € 
G^, (W, z) g 33^, cj is given by (j2TT8l) . and [30] 

W g , = (pM^ + gJ^ + p)" 1 , z fl , = (z + aW + a)(qW +p)-\ (2.20) 
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We now consider a partial Cayley transform of the Siegel-Jacobi disk 
onto the Siegel-Jacobi space Sj^ which gives a partially bounded realization of 
fin [30]- The partial Cayley transform <fi : 53^ — > is defined by 

Q = i(I n + W)(I n - W)- 1 , C = 2i z(I n -W)-\ (2.21) 

where (C, CI) = <f> {(W, z)) and (W, z) e T>i- 

4> is a a biholomorphic map which satisfies gcj) = </><?* for any g £ G J n and 

</• = e( 5 ) m). 

The inverse partial Cayley transform <fi 1 : fi J n — > is given by 

W = (fi - i/„)(fi + iI n )-\ z = C(n + U n )-\ (2.22) 

where (W, z) = 0~ 1 {(SI, 0) £ S)„ 7 and (O, _€ 

According with Theorem 12.11 [2"2"] and [3D]) we have 

Proposition 2.2 TTie canonical automorphy factor Ji* and i/ie canonical ker- 
nel function Ki* for Sp(n,M)* are given by 

K 1 .(W,W)=I K I »-™'™ u _^ r ,), (2-24) 

w/iere W 7 , W' € D„ and w € Sp(n, R)* is given by (|2.16p . 

XTie canonical automorphy factor 0* — J2(g*, (W, z)) for is given by 

0* = + z f a + !/**a - v*(qW + py 1 ^*^, v*=z + aW + a, (2.25) 

where g* = (uj, (a, x)) £ G J m , ui is given by (j2 . 16[) . and (W, z) £ Q^. 

The canonical automorphy kernel for Gjf is given by K2*((W , z'), (W, z)) = 
A(W, z'; W, z), where (W, z), (W, z') £ T) J n , and 

A(W',z';W,z) = (z + ^-z'W){I n -W'W)- lt z' ' + \z{I n -W'W)- 1 W n z. (2.26) 

3 Fock spaces based on the Siegel disk 

Let A*=M. be the center of the Heisenberg group H„*(R). Given m £ R, let 
X m be the central character of A* defined by x m ( K ) = exp(27rimre), n £ A*. 
Suppose m > 0. 

For each W £ D n we denote by TmW the Fock space of all functions $ £ 
0(C n ) such that ||$|| ml y < oo and the inner product is defined by [35] 

(*,*W = (27rm) n (det(l - WW))^' 2 (3.1) 




exp(-87rmA(W / ", 



6 



where the Lebesgue measure on C n is given by 

n 

dv{() = ?T" TJ dReQ dlmQ, (3.2) 

i=l 

and A(W, z) = K 2 *{{W, z), (W, z)) can be written as 

A(W,z) = (z + -zW)(I n - WW)- 1 * z + ^z(I n - WWy x W l z. (3.3) 
Remark that T m o is the usual Bargmann space [T] . 

We consider the Gaussian functions G\j : — > C, U G C n , defined by 
Gu(W, Z) = G(U, Z, W), where 

G(U,Z,W) = exp(U t Z+^UW t U) = ^ ^P.(Z,W0 (3.4) 

for all (W, Z) G V J n . We utilize the notation 

n n n n 

U'=Y[U?, s\ = l[ Sl \, \s\=Y,Si, S sr = l[5 Siri , (3.5) 

i—1 i—1 i—1 i—1 

where U = (U u ...,U n ) G M ln (C) ^ C", s = (si,...,s„) G N", and r = 
(ri, ...,r n ) G N". The polynomials P s : V J n -» C, s G N n , are exactly the match- 
ing functions studied by Neretin |17j . We express the homogeneous polynomial 
P s of degree |s| in the following compact form: 

o£A„,o<s v ' 

where A„ is the set of all symmetric matrices a = (a,ij)i<i j< n with ay G N, 

n n 

w a = n ^r* a!= n 5 fe=E«* o=£oii, (3.7) 

and a < s is equivalent with hi < Si for 1 < i < n. Using the equations 

/ U s tJ r dv{U) =S sr sl, (3.8) 

/ G{U,Z\W')G(U,Z,W)dis(U) = dct(l~W'W)- 1/2 expA(W', z';W,z), (3.9) 
where A(W' , z'; W, z) is defined by (|2.26j) . we obtain 
(det(l - W'W))~ 1/2 expA(W',z';W,z) = £ -P S (Z', W')P S {Z, W). (3.10) 

Equation (|3.9p is given in [TT] (Lemma 5). 

We now define the polynomials §ws G -^miy, s G N™, by 

$vy s (z) = -^=P s (2V^Trmz,W), s G N". (3.11) 
Vs! 
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Proposition 3.1 Given W £ D n , the set of polynomials {§ws\s £ N™} forms 
an orthonormal basis of the Fock space 3s m W- The kernel function of$ m w admits 
the expansion 



(det(l - WW)) 1/2 exp (2TrmA{W, z'\ W, z)) = ^ $we(z')$Ws(z)- (3.12) 



,-i/2 

s-x.p yz,n iiis±y vv , z , vv , zj ) = 

s6N'» 

Proof. Given U £ C n and W £ V n , we define the function $ ro : C" -> C 
such that ^uw (z) — G(U, 2\Z2nmz, W). Using the change of variables Z = 
2v2vrmz, we have 

||*i7wr \\ 2 mW = TT- n det{l-WW)- 1/2 [ exp{B(U, Z, W)-A(Z, W))dv{Z) , (3.13) 
where 

B(U,Z,W) = U l Z + UZ^ - hjW l U -\pWU+ . (3.14) 

Using the change of variables Z' = (1 - WW)~ 1/2 (Z - U - WU), the relation 
du{Z) = det(l - WW)dv(Z'), and the relation [T] 

/ exrX-Z 7 ^' '-hz'WZ' +z'wZ n ))dv(Z')=Tr n (det(l-WW))- 1 / 3 , (3.15) 
we obtain U^i/vf \\ m w = exp(J7C/ t ). Then 

y ^^^^w^v W (3.i6) 

s,r£M° v ' SEN" 

By comparing the coefficients of II s U r in the series of both sides of (|3.16|) . we 
see that 

{$Ws,®W r )mW = S sr s\, s,r £ N". (3.17) 

Using ()3.10j) and (|3.11|) . we obtain the expansion (|3.12p . ■ 
We now introduce the set of polynomials f s : T) J n — > C, s £ N n , defined by 



f a (W,z) = -=P.(2V2imiz,W). (3.18) 



Let Hoipn) t> e the complex linear subspace of all holomorphic functions 
/ £ £>(£>;D with the basis {f s \s £ N™}. Let 5s m {T>i) be the Hilbert space of all 
functions / £ 0(V^) such that (f,f) m < oo, where the inner product (., .) m is 
defined such that the set {f s \s £ N n } is an orthonormal basis. We now prove 

Proposition 3.2 a) The generating function of the basis {f s \s £ N n } can be 
expressed as 



exp(87rmU t z + -UW t U)= V ^=f s {W,z). (3.19) 

2 S 6N" 



The kernel function of ^ m {T>^) admits the expansion 

(det(l -W'W))- 1/2 expA(W',z';W,z) = £ f s (W,z')f s (W,z). (3.20) 

b) f G 0(1)^) is a solution of the system of differential equations 

d 2 f df 
jr-j— = 87rm(l + 6 jk )-j-, l<j<k<n, (3.21) 
dzjdzk dWjk 

if and only if f G Ho(T>^). 

Proof. Using (|3. 41) and (|3.18[) . we obtain (13. 19[) . The generating function 
(|3~iU)) satisfies (pT2l"j) . Then 
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^^m(l + 6 jk )—g-, 1< j<k<n, self. (3.22) 



Using (|3.6[) and p. 181) . we obtain 



= -^(2V2lrr7iz) s +i?,(«,W), (3.23) 



where R s is a polynomial of degree |s| — 1 in z. Then there exists the change of 
basis {z s W a \s G N,a G A„} i — > {f s {z, W)W a \s G N™, a G A„} in O(P^). Let 
/ G G(T>J). Then there exists the set {c s \c s G £>(£>„), s G N"} such that 

/(*,W)= £c a (W)/.(W,*). (3.24) 

If / satisfies (pT2l"j) . then dc s /dW jk = for any 1 < j < fc < n, s£ N". Then c s 
is constant for any s G N™. Hence / € 0(2?^). The inverse implication follows 
from (|3~22l . ■ 
In the case n = 1, Proposition ^. 21 has been obtained in [BJ. 

4 Scalar holomorphic discrete series of the 
Jacobi group on the Siegel-Jacobi disk 

Consider the Jacobi group G J n . Let 5 be a rational representation of GL(n, C) 
such that <5|u(n) is a scalar irreducible representation of the unitary group U(ro) 
with highest weig ht k, k G Z, and <5(^) = (detA) fe 31 . Let m G M. Let 
X = <5 <8> x™\ where the central character x m of „4 =K is defined by x m ( K ) — 
exp (27rimK), k G .A. Any scalar holomorphic irreducible representation of G J n is 
characterized by an index m and a weight k. Suppose m > and fe > n+ 1/2. 

Let H mfc denote the Hilbert space of all holomorphic functions cp G ©(.£)„) 
such that H^ll^j < oo with the inner product defined by [25] 
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(<p, = c / <p(n, om, ic mk (n, cr 1 W c), (4.1) 

where G is a positive constant, (f2, £) G and the G^-invariant measure on 
fin is given by 

d/i(n,C) = (detF)-"- 2 ]J dSidra J] dX ]k dY jk . (4.2) 

l<i<n l<j<k<n 

Here £ = ReC, n = ImC, AT = Reft, Y = Imfi. 
The kernel function /C mfe is defined by [35] 

/C mfc (tt, C) = K mfc ((^, 0, (n, 0) = exp (47rmr?y- 1 ^ (det F) fc , (4.3) 

K mfe ((C', Q')> (C, n)) = (det(in - ifi'j) - fe cxp(27rim^ ((£', fl'), (C, «))) , (4-4) 



where if is given by (|2.15[) . 

Let ir mk be the unitary representation of G J n on % mfc defined by [25] 

(t^V 1 )?) (n,o = j mk (g,(n,0Mn a ,( g ), (4.5) 

where tp g H mfe , 5 € G^, (ft, C) € ^ and (ft 9) C ff ) € is given by (|2~TT1) . 
The automorphic factor J r " lfc for G^ is defined by [25] 

J^Cff, (C, ft)) - (det(cft + d))~ fe exp(27rim6l), (4.6) 



where is given by (|2.14l) and a is given by (|2.1[) . 
Takase proved the following theorem [25], [26] : 

Theorem 4.1 Suppose k > n+1/2. ThenH mk 7^ {0} andn mk is an irreducible 
unitary representation of G^ which is square integrable modulo center. 

Let W™ k denote the complex pre-Hilbert space of all ip G C(X>^) such that 
j, j < 00 with the inner product defined by 

(Vi,V2W=a/ l&i (W, z) W2 W, *) (£7 k {W,z)Y l d v{W, z), (4.7) 



where G* is a positive constant, (z, W) £ D^, 

ICT k (W,z) = (det(J„ - TyM>))" fc exp(87rmA(Ty,2)), (4.8) 
where ^4 is given by (|3.3I) and the G^-invariant measure on 3)„ is [30] 

^(iy,z) = (det(l-iyW A ))""" 2 ]^[dRez i dImz l J] dRe W jk dlmW jk . (4.9) 

i=l l<j</c<n 

According with [3T], [30], and (I2.26[) . the kernel function /C™ fc is given by 
K™ k [W,z) = K^ fc ((W,z),(W,^)), where 

K^Oz, W), (z', W')) = (det(7„ - W'W))~ k exp (8irmA(W, z'; W, z)) . (4.10) 
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Remark 4.1 Using the coherent state method, Kramer, Saraceno, and Berceanu 
investigated the kernel (|4.8p in the case 87rm = 1 [12], [2]- [6]. 

We now introduce the map 5* 1 — ► nT k (9*), where 7r™ fc (g»): H™ k -> "H™ fc is 
defined by 

K^S*- 1 )^) = ^GM^))^,,^), (4.11) 

ip e H™ fe , = (w,(a,x)) G G;J. , (z,W0 S and (z fl .,W fl .) e ® J n is given 
by (|2~20|) . The automorphic factor Jf fc for G^ is defined by gT], [SO] 

Jr fe (.9*, («i W)) = exp(27rim0*) (det(gVU +p))~ fe (4.12) 
where 6** is given by (|2.25l) and ui given by (|2.16l) . 

Proposition 4.1 Suppose m > 0, k > n + 1/2, and G = 2 n(n+3 )G*. T/ien 

7^ {0} and ir™ k is an irreducible unitary representation of G J nif on 
the Hilbert space W™ k which is square integrable modulo center. 

b) There exists the unitary isomorphism T™ k : 1-L™ k — > f-[ mk given by 

<p(Sl, Q = ip (W, z) (det(/„ - W)) k exp(4^mz(/ n - W)- 1 *«), (4.13) 

where ip £ U™ k , tp = T™ k (i{j), (W,z) € J>i, (SI, C) = (f>((-W,z)) € and 
is given by (|2.21[) . 

The inverse isomorphism T rnk : H mk — » %™ fc is given by 

V> (W, 2) - <^(r>, C) (det(7„ - iSl)) k exp (2nm((I n - ifi) ~ x *() , (4.14) 

where i/j € U™ k , i/j = T mk (ip) , (SI, Q e (-W, 2) = ((ft, 0) G ©^ and 

T/ie representations ir mk and ir™ k are unitarily equivalent. 

Proof. Using the partial Cayley transform (12.21)) and (|2.22p . we obtain 

Y = ImO = (I n - W)- 1 ^ - WW)(I n - W)-\ (4.15) 

r) = ImC = 2r(J„ - VUT 1 + z(I„ - W)- 1 . (4.16) 
By (j4~T5|) and ([4~16[) . we obtain 

ryF" 1 'r? = 2A(z, - z(/„ - W)' 1 *z - z(J n - W)" 1 t z, (4.17) 

where A is given by (pO[) . Using (|4T2]l . ([Q]l , (|2~2T|) . and (TT22")) . in the limit 
SI — > i/„ and VU — > 0, we obtain 

d/*(C, 0) = 2" ( ™ +3 W(2, TU). (4.18) 

By g7E]), ([47r[) . ([435]) . (I4TT1) . the condition G = 2"( Tl + 3 )G», and the change 
of variables W —?■ -W, we get |M| flJ = From C(^n - i^) _1 *C = 

-2 z(I n - Wy 1 t z it is clear that (|4.13l) and (j4.14[) are equivalent. By Theorem 
4.1, a) and b) hold. Using ([2~2Tjl . (t2T22|) . (|45]l . gjTJ, ([413]) . and (|4T4|) . we 
obtain n mk T mk = T™ fe 7r™ fc . ■ 
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Remark 4.2 Bcrndt, Bocherer and Schmidt constructed the holomorphic dis- 
crete series of the Jacobi group in the case n = 1 [8], [9]. 

Let W k denote the complex Hilbert space of all holomorphic functions <fr € 
0(D n ) such that ||$|| s < oo, with the inner product defined by 

(*i,*2)k= / 1 fi{W)¥^W)(det(l- WW)) k ~ 1/2 dfi Vn (W), (4.19) 
dn Vn (W) = (dctil-WW))^ 1 J] dReWjkdlmWjk- 

l<j<k<n 

We have H k ^ {0} for k > n+1/2 [7J, [25]. Let {Q a \a e A n } be an orthonormal 
polynomial basis ofH k . 

We introduce the polynomials 



F sa (W,z) = J y P s (V8^z,W)Q a (W), s e N", a € A n . (4.20) 



Proposition 4.2 TTie set of polynomials {F sa \s € N", a g ^4„} forms an or- 
thonormal basis ofH™ . The kernel function ofH™ k satisfies the expansion 

(det(l -W'W))- k expA(W',z',W,z) = ]T F sa {W' , z')F sa {W, z). (4.21) 

s£N n ,aeA n 

Proof. We introduce the functions Fjj : D„ — >■ C, U G C", such that 
(W, z) = G(C7, 2V2tttoz, W). Using (|4~20|) and the proof of Proposition 3.1, 
we have 

(F v (W, z)Q a ,Fu (W, z)Q b ) S j = C, (8m) n exp{Utf) (4.22) 

x / Q a {W^{W)det{\~WW) k - 1/2 d^v n {W), 

{F sa ,F rb ) si = 6 sr S ab , s,re N™, a, 6 e A n . (4.23) 

The Berezin kernel of H k is positive definite for k > n + 1/2 [7J and satisfies 
the following identity: 

(det(l-^'iy))^ +1/2 = Q4W)QJW). (4.24) 

a£A n 

Using (|3~T2|) and (j4~24"l) . we obtain (j4~21"T) . ■ 

Remark 4.3 In the case n — 1 and 87rm = 1, the expansion (|4.21|) was obtained 
in [3], using the coherent state method. 
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Remark 4.4 We now discuss the unitary representations of Jacobi groups 
based on Siegel- Jacobi domains in the language of coherent states [18]. Let 
Q{T-L) be the set of all one-dimensional projections of the Hilbert space T~L. Let 
P[4>] denote the one-dimensional projection determined by -0 S "H\{0}. The 
elements of Q(rl) can be considered either as normal pure states of the von 
Neumann algebra of bounded operators on % or as pure states of the C*-algebra 
of compact operators on rl [10]. The projective Hilbert space PifH) consists of 
all one-dimensional complex linear subspaces of rl. The space P(rl) is a Kahler 
manifold equipped with the usual Fubini-Study metric [TDJ. The space Q(rl) 
with relative w* -topology is homeomorphic to -P('H) with the manifold topology 
[10]. Then we can identify Q(H) with P{%). 

We recall an intrinsic definition of coherent state representations given in 

Let G be a connected, simply connected Lie group and X a G-homogeneous 
space which admits an invariant measure ^x- Let ir be a continuous irreducible 
unitary representation of G in the separable Hilbert space H. A family £ — 
{E x \x £ X} of one-dimensional projections in rl will be called a n-system of 
coherent states based on X if the following conditions are satisfied: 1) E gx = 
7r (g)E x n (g)^ 1 for any g £ G and x £ X; 2) there exists tp £ rl\{0}, such 
that J x \ {ip, 7r (g)4>)\ 2 dfj,x<°°- tt is called a symplectic (Kdhler) coherent state 
representation if £ and X are isomorphic symplectic (Kahler) manifolds and X 
is a symplectic (Kahler) submanifold of Q(rl). 

Moscovici and Verona have been studied coherent state representations based 
precisely on the coadjoint orbit associated with tt in the sense of geometric 
quantization [15]. The Schrodingcr coherent state systems for the Heisenberg 
group with one-dimensional center on the Fock spaces of holomorphic functions 
have been obtained by Bargmann pQ, Satake [2D], [22], [23], and Lee [13] , 

Lisiecki and Neeb investigated some Kahler coherent state representations 
of Heisenberg groups and Jacobi groups with one-dimensional center [T4].[Td]. 
The orbit method for the Heisenberg group and the Jacobi group with multi- 
dimensional center has been studied in detail by Yang [28 . . 

Let 7r be an irreducible unitary representation of the Jacobi group G J with 
the Jacobi-Siegel domain D and the kernel function K : £> x S) — >Hom(W r , W). 
The representation space % consists of holomorphic functions taking their values 
in a finite dimensional Hilbert space W . For each x £ 23 and v £ W, we 
consider the vectors K xv £ H given by K xv {x') — K(x,x')v for any x' £ D. 
Then {Pfifj.,,] \x £ D, v £ W} is a 7r-system of coherent states. In particular, 
the 7r mfe -system of coherent states based on fy^ and the 7r™ fc -system of coherent 
states based on S)^ are determined by the explicit kernel functions given by 
P~l)) and P~TP|) , respectively. 
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